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Abstract. Ultrasound imaging is widely used in clinical practice but
is strongly affected by speckle noise, a signal-dependent pattern that
blurs anatomical details and reduces diagnostic quality. Classical PDE-
based despeckling methods provide interpretable solutions but rely on
manually designed diffusion functions and parameter tuning, limiting
adaptivity. In contrast, deep learning models achieve strong restoration
performance but often lack interpretability and disregard the underlying
PDE dynamics. In this paper, we propose a model-guided hybrid frame-
work inspired by a recent hyperbolic-parabolic PDE scheme. Instead
of analytically defining the diffusion function and solving an auxiliary
equation, we approximate its key components using neural networks and
learn the entire diffusion function in a data-driven manner. The diffu-
sion evolution is reformulated as a learnable dynamical system, where
a Mamba-based state space model, with high flexibility and efficiency
in capturing complex and non-linear denoising dynamics, approximates
the diffusion function and updates its components at each iteration.
This allows the diffusion to adapt to local intensity and edge informa-
tion while preserving the primary PDE structure. Extensive experiments
on BUSI and AULI datasets show consistent improvements over classi-
cal diffusion methods and recent deep models in terms of PSNR, SSIM
and PieAPP, effectively bridging model-based interpretability with data-
driven flexibility for ultrasound despeckling. The source code is available
at: https://github.com/duypham01/Mamba-Diff-US.

Keywords: Ultrasound imaging - Speckle reduction - Diffusion approx-
imation - Neural networks.

1 Introduction

Ultrasound (US) imaging is widely used in clinical practice due to its safety, low
cost, portability, and real-time capability. It plays a crucial role in the analysis
of soft-tissue organs such as the thyroid, breast, and lungs [10,25]. Beyond rou-
tine diagnosis, US images are increasingly applied to automated analysis tasks,
including segmentation [27] and image interpretation [21], which depend on reli-
able image quality. However, US images are often corrupted by noise, blur, and
acquisition artifacts. Among these degradations, speckle noise remains one of the
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most fundamental and challenging characteristics of ultrasound imaging. Speckle
is a granular, multiplicative, and signal-dependent artifact caused by the inter-
ference of echoes from sub-resolution scatterers [22]. While partially containing
structural information, excessive speckle reduces contrast, masks fine details, and
affects both visual interpretation and automated analysis. Therefore, dedicated
speckle reduction methods are essential [3,19].

Classical US despeckling methods primarily build upon statistical modeling
and variational diffusion frameworks. Early approaches include adaptive filters
such as the Lee and Frost filters [7], which estimate local statistics to suppress
speckle while preserving edges. Wavelet-based denoising techniques further im-
prove noise reduction by separating signal and noise components in the transform
domain [16]. In addition, Partial Differential Equation (PDE)-based models, such
as Speckle Reducing Anisotropic Diffusion (SRAD) [26] and related nonlinear
diffusion formulations [8], provide a physically interpretable framework by mod-
eling despeckling as an edge-aware, gradient-driven diffusion process.

Deep learning has further advanced speckle suppression performance. US-
Net [17] employs a parallel CNN design and adopts a residual learning strategy
to better preserve anatomical boundaries. In contrast, LAD-CNN [18] introduces
a lightweight attention-based autoencoder for detail retention and directly pre-
dicts the denoised image. HCTSpeckle [20] integrates Swin Transformer blocks
to alleviate the quadratic computational cost of full-resolution self-attention by
performing attention within shifted local windows, thereby improving efficiency
while capturing contextual information. U-Tunnel-Net [5] further reveals that
instance normalization is particularly suitable for addressing speckle noise in ul-
trasound images and modifies pooling strategies to enhance feature refinement.

Nevertheless, important limitations remain. While classical filtering and PDE-
based methods offer strong interpretability and theoretical guarantees, they of-
ten require manual parameter tuning, and struggle in textured or low-contrast
regions. In contrast, pure deep learning approaches achieve strong denoising
performance but lack physical interpretability and theoretical grounding, poten-
tially limiting robustness and clinical trust. To bridge this gap, recent works have
explored hybrid and physics-informed frameworks that incorporate PDE prin-
ciples or prior knowledge into neural networks, aiming to combine model-based
reliability with data-driven flexibility [4,13,14].

Building on these observations, we propose a novel hybrid physics-informed
framework for ultrasound speckle reduction that tightly integrates deep learning
with a hyperbolic—parabolic PDE model of Majee et al. [12]. While prior works
either approximate parabolic diffusion functions with UNet/ResUNet for natu-
ral [13] or ultrasound images [14], or use pretrained networks as priors to guide
PDE-based despeckling in SAR images [1], our approach leverages the hyper-
bolic term to propagate fine structures and edges more effectively than purely
parabolic schemes. Moreover, two Mamba-based networks are incorporated in
our approximation model to learn distinct components of the diffusion function
at each iteration, enabling globally informed, context-aware smoothing. The en-
tire framework is trained end-to-end using paired noisy-clean images, effectively
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combining the stability, interpretability, and theoretical rigor of PDE-based mod-
eling with the flexibility and ability of data-driven learning to capture complex
patterns. Our main contributions can be summarized as follows:

— We propose a hybrid physics-informed framework that integrates a hyperbolic—
parabolic PDE model with deep learning for ultrasound speckle reduction.

— We design a learnable parameter estimation strategy that adaptively esti-
mates diffusion coefficients during the iterative PDE evolution.

— We validate the proposed approach on benchmark ultrasound datasets, demon-
strating superior performance over recent deep learning baselines in terms
of PSNR, SSIM, PieAPP, and subjective quality.

2 Methodology

2.1 Problem Formulation

In US denoising, speckle is commonly modeled as signal-dependent noise model [11]
Io =1+ VIN(0,0?), (1)

which makes edge-preserving smoothing particularly challenging.

The problem of multiplicative noise removal is generally addressed through
a denoising model based on total variation (TV) regularization minimizing the
energy function E(I) = J(I)+AH(I, Iy), where J(I) = [, ®(|VI|)dx is the TV
term, @ is a non-negative function controlling the penahzation of image gradients,
and H (I, Iy) is the fidelity term. Here, {2 C R? denotes the spatial domain, VI
is the image gradient, capturing local changes, and |.| denotes the magnitude
(Euclidean norm) of a vector. However, to avoid sensitivity to A and insufficient
denoising, most works typically set the fidelity term H (I, Iy) to zero [28]. In this
case, the minimum solution of the energy function F is given by

OF , VI
7=V <¢ (|v1|)w|>

Instead of solving %—IEJ = 0 directly, most works adopt a gradient descent

approach by introducing an artificial time variable ¢, resulting in the evolution

equation 2 = (@’(|VI b) v Il)’ which iteratively updates the image toward

the minimum of the energy functional. Here, I : 2p := 2 x [0,7] — R de-
notes a speckled ultrasound image over the spatial domain 2 and a temporal
interval [0, T]. Building on this idea, previous works on speckle noise reduction
design a proper diffusion function g(I) = ¢'(|VI|)/|VI| to control the amount
of smoothing while preserving edges.

For instance, SRAD [26] defines a diffusion function g(I) based on the local
image statistics to reduce speckle noise while preserving edges. However, this
formulation is purely parabolic, which effectively smooths homogeneous regions
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but may oversmooth fine structures and is sensitive to manually tuned param-
eters. To overcome these limitations, hyperbolic PDE formulations introduce a
second-order temporal term with damping, allowing wave-like propagation of
image features [2]. In particular, Majee et al. [12] proposed a coupled hyper-
bolic—parabolic diffusion model, in which the hyperbolic equation governs the
main diffusion process, while the parabolic equation serves as an auxiliary evolu-
tion equation to compute an edge-indicator variable that modulates the diffusion
coefficient in the hyperbolic equation.

0?1 or . .
FTel + Vo T div (9(1,u)VI) =0, in 2p, (2)
ou v? .

with boundary conditions g—i = g—z = 0 on 927 and initial states I(x,0) = Ip(x),

%(X, 0) = 0, and u(x,0) = (Ge*|VIy|?)(x) for x € 2. Here, G¢ is a 2D Gaussian
kernel with scale &, Iy = G¢ * I, and MSI = sup,cp l¢(x). The diffusion control
function g(-) is defined by the product of two terms as

s* 1 abs(I¢(x))

. ;o os(x) =
1+s 1+ajuglf () M{

where « > 1, 8> 1,7 >0, v > 0, and 2 > 0 are constants, h : RT — R is a
bounded, Lipschitz continuous function. In (4), the first term acts as a gray-level
indicator controlling intensity-dependent smoothing, while the second term as
an edge detector, suppressing diffusion across edges, thereby enabling adaptive
anisotropic diffusion.

g(I,u) =

€0,1, xen. (1)

2.2 Mamba-based Anisotropic Diffusion Approximation

The hyperbolic PDE model, described above, relies on different tuned hyperpa-
rameters to define the diffusion control function g(-). The choice of g(-) is crucial
for determining diffusion behavior while suppressing noise, yet fixed formula-
tions struggle when noise is signal-dependent or when image structures vary.
To address these challenges, we replace the predefined diffusion function with
a learnable approximation based on neural networks, and embed it within the
discretized PDE solver, effectively combining the stability of model-driven ap-
proaches with the adaptability of data-driven learning.

To numerically approximate the continuous PDE, we discretize the time do-
main [0,7] and denote by I’ the image at step t. Specifically, we learn the
gray-level indicator and the edge detector via two Mamba-based neural net-
works, yielding M; and M, functions, respectively. To introduce a structured
decomposition of the diffusion process, we reconstruct the diffusion function as
the product of these two components, enabling a data-driven yet structured
formulation of the diffusion dynamics:
s¢ 1

My (I') = T My (I = 50 9(I") = My (I") - Ma(I').  (5)

14 o]ug|
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A key advantage of our approach is that it eliminates the need to manually
tune the parameters «, ¢, and (3, which are critical in traditional hyperbolic—
parabolic PDE methods. Furthermore, our method removes the requirement to
explicitly solve Eq. (3) for the auxiliary variable u, which is both computation-
ally expensive and sensitive to noise. By learning both the gray-level indicator
and edge detector directly from data, the diffusion function g(I, u) becomes fully
adaptive and data-driven, allowing the model to automatically adjust diffusion
strength and edge sensitivity for each pixel. This not only simplifies implemen-
tation but also improves robustness and accuracy in speckle noise reduction,
especially under varying imaging conditions.

Finite differences are used for both spatial and temporal approximations,
while the weighted #-scheme [9] is employed to discretize the nonlinear diffusion
operator L(I) := div(g(I,u)VI). Thus, Eq. (2) can be discretized as

(1 +0.57A) T4 = 2T + (AH)*(1 — 0)L(T")
+ (AD2OL(IAY) + (0.5yAt — 1)Tt4L, (6)

Owverall Network Flow. The proposed diffusion approximation model is summa-
rized in Figure 1. Given an input noisy image I° (corresponding to t = 0), the
image is iteratively updated according to Eq. (6). At each time step, I' is fed
into two Mamba networks to compute My (I*), Mo (I*), resulting in g(I*), which
is then used to obtain I*+4%. This process is repeated for T iterations, producing
the final output I7. The Mamba architecture is described in Section 3.2. The
overall network is trained by minimizing the mean squared error (MSE) between
IT and the ground-truth image Igr: £ = ||[IT — Ior||3.
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Fig. 1: The proposed Mamba-based anisotropic diffusion approximation model.
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3 Experiments and results

3.1 Datasets

We evaluate our method on two publicly available US datasets: the Breast Ul-
trasound Dataset (BUSI) [1], which contains 788 2D ultrasound images, and the
Annotated Ultrasound Liver Images (AULI) dataset [24], which consists of 560
2D images. All images were resized to 224 x 224. To simulate speckle degradation,
multiplicative speckle noise was added according to Eq. (1) at three noise levels
(15%, 30%, and 40%). For each dataset and noise level, the images were ran-
domly split into training, validation, and testing sets with a ratio of 70%, 15%,
and 15%, respectively. During training, paired data augmentation was applied,
including random horizontal and vertical flipping as well as random rotation.

3.2 Implementation details

For the network architecture, we adopt MambalRv2 [6] as the approximator
of the diffusion control function ¢, using the mambairv2_light configuration.
MambalRv?2 is a hierarchical vision backbone composed of Attention State Space
Blocks (ASSBs), which integrate state-space modeling with local attention mech-
anisms. These blocks are organized into Attention State Space Groups (ASSGs)
in a straight-through design. In our implementation, the architecture comprises
three ASSGs, where the first uses two ASSBs and each of the remaining two
includes one ASSB. The embedding dimension is set to 32 with a window size
of 8. The upscale factor is fixed to 1 to preserve the input spatial resolution. For
the diffusion process, we perform 40 iterations with a time step of At = 0.25,
resulting in a total diffusion time of 7" = 10, while setting v = 1, and 6 = 0.4.
The learned diffusion maps are constrained to the range [0, 1] to ensure stability
and physical consistency. Parameter sharing is used across iterations for the two
Mamba networks. The model was trained using the AdamW optimizer with an
initial learning rate of 5 x 10~%. A cosine annealing schedule was employed, with
a minimum learning rate of 1 x 1075, Training was performed for 100 epochs
with a batch size of 8.

3.3 Comparison methods and evaluation metrics

The proposed approach is compared with different state-of-the-art methods de-
signed for ultrasound image despeckling, including U-Tunnel-Net [5], USNet [17],
LAD-CNN [18], HCTSpeckle [20] and SRAD-ResUNet [14]. All competing meth-
ods are trained for 100 epochs with a batch size of 8. To ensure a fair comparison,
each method is implemented following its original paper, including the reported
loss functions, optimization strategies, and learning rate schedules. All methods
are evaluated using traditional and perceptual image quality assessment metrics,
including PSNR, SSIM [23] and PieAPP [15].
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3.4 Results

Quantitative results: The performance of all methods on BUSI and AULI
datasets at different noise levels is shown in Tables 1 and 2, respectively. Thus,
among state-of-the-art methods, it can be observed that HCTSpeckle outper-
forms the other methods on the BUSI dataset, while SRAD-ResUNet and LAD-
CNN yield better results on the AULI dataset. In contrast, our proposed ap-
proach achieves almost the best performance on both datasets and under differ-
ent noise levels. For instance, compared to the second best method HCTSpeckle
(resp. SRAD-ResUNet) on the BUSI (resp. AULI) dataset, the obtained average
gain in terms of PSNR reaches 0.37 dB (resp. 0.59 dB).

Table 1: Objective evaluation on BUSI dataset at different noise levels. Best
values are highlighted in bold, second-best ones are underlined.

Method 0:0.15. oc=0.3 ] o=0.4 ]
PSNR SSIM PieAPP|PSNR SSIM PieAPP|PSNR SSIM PiecAPP

Input 21.53 0.503 1.74 15.93 0.241 1.72 13.92 0.179 1.88
U-Tunnel-Net [5] 27.76 0.827 0.95 |26.98 0.770 1.32 |25.16 0.688 1.60
USNet [17] 29.33 0.845 0.96 26.19 0.786 1.38 25.71 0.700 1.71
LAD-CNN [18] 28.76 0.772 1.78 27.82 0.740 1.96 25.84 0.657  2.26
HCTSpeckle [20] 29.88 0.849 1.02 |28.81 0.791 1.39 25.92 0.695 1.65
SRAD-ResUNet [11]] 29.49 0.833 1.01 28.28 0.786 1.41 24.74 0.644 1.66
Ours 30.25 0.848 0.94 |28.56 0.797 1.22 |26.06 0.702 1.56

Table 2: Objective evaluation on AULI dataset at different noise levels. Best
values are highlighted in bold, second-best ones are underlined.

Method o =0.15 oc=0.3 oc=0.4
PSNR SSIM PieAPP|PSNR SSIM PieAPP|PSNR SSIM PiecAPP

Input 26.23 0.758  0.92 20.71 0.648 1.31 18.68 0.614 1.65
U-Tunnel-Net [5] 28.59 0.851 0.73 | 26.34 0.854 1.63 23.70 0.802 1.62
USNet [17] 26.79 0.888 1.50 25.82 0.861 1.49 22.32 0.823 1.55
LAD-CNN [15] 34.32 0.909 1.30 32.68 0.886 1.49 |31.84 0.876 1.68
HCTSpeckle [20] 30.15 0.912 1.21 32.01 0.833 1.29 31.25 0.879 1.41
SRAD-ResUNet [14]| 35.52 0.932  0.80 32.77 0.894 1.22 |30.86 0.856 1.495
Ours 35.71 0.934 0.79 |33.36 0.902 1.09 |31.82 0.879 1.38

Qualitative results: To visually assess the denoising quality, we present
representative examples from BUSI and AULI datasets under different noise
levels. Figure 2 shows the denoised images produced by the different methods,
along with the noisy input and ground truth. Compared to existing methods,
the proposed one better preserves fine structures and edges while effectively
suppressing noise.

Sensitivity Analysis: The following experiments are conducted on the
BUSI dataset with ¢ = 0.3.

e Mamba-based diffusion approximation: Two variants of our Mamba-based dif-
fusion approximation are evaluated. The first consists in directly learning the
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Fig. 2: Subjective comparison on two samples corrupted with speckle noise (o =
0.3 for BUSI and o = 0.4 for AULI). (a) Input, (b) U-Tunnel-Net, (¢) USNet, (d)
LAD-CNN, (e) HCTSpeckle, (f) SRAD-ResUNet, (g) Ours, (h) Ground Truth.
Red rectangles indicate the zoomed-in regions for detailed comparison.

entire diffusion control function g, given by Eq. (4), using a single MambalRv2
network. The second is the retained solution based on two separate MambalRv2
models that approximate its two components M; and My as defined in Eq. (5).
As shown in Table 3, the proposed approach based on two networks outperforms
the first variant using a single network.

Table 3: One vs two Mamba based diffusion approximation (40 steps, At = 0.25).
Approximation model PSNR1 SSIM?T PieAPP|
One Mamba 28.51 0.794 1.33
Two Mamba 28.56 0.797  1.22

e Impact of the diffusion steps: Table 4 shows the impact of the number of
iterations on the performance of the proposed model. It can be seen that the
model requires 40 steps for convergence.

Table 4: Impact of diffusion steps on the performance of the proposed model.

Steps PSNRT SSIMT PieAPPJ
5 2481 06385  1.76
10 27.37  0.753  1.38
20 28.27 0.787  1.29
30 28.44 0.793  1.25
40 28.56 0.797 1.22
50  28.56 0.797 1.22
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4 Conclusion

In this work, we propose a physics-guided hybrid framework for ultrasound
speckle reduction by integrating a hyperbolic-parabolic PDE formulation with
learnable diffusion parameter estimation. Rather than directly predicting the
restored image, the model learns key diffusion parameters within the Majee
scheme, enabling adaptive, spatially-aware evolution while preserving the struc-
ture and stability of PDE-based methods. Extensive experiments on BUSI and
AULI demonstrate consistent improvements with respect to existing state-of-
the-art methods. Future work will explore extension to other imaging modalities
and evaluation on downstream tasks.
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