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Abstract. Cryoablation is a minimally invasive tumor treatment whose
success depends on accurate procedure planning under patient-specific
anatomical and biophysical variability. Computational models could fa-
cilitate planning by forecasting post-operative ablation zones. However,
they require temperature-dependent tissue properties for highly accurate
predictions, which are difficult to measure across cryogenic ranges. These
properties could instead be inferred by personalizing such models to ex-
perimental data, yet phase-change-induced nonlinearities often require
flexible function representations with potentially many tunable param-
eters, making conventional optimization methods loose tractability. We
propose a differentiable physics framework to personalize a cryoablation
bioheat model from temperature observations using gradient-based opti-
mization. Tissue properties are represented as bounded B-splines and op-
timized end-to-end, with a curvature penalty to reduce non-physical os-
cillations. In synthetic bench test experiments, we evaluated the method
on target functions of increasing complexity and compared it with BFGS
and Nelder-Mead. Differentiable-physics-based optimization remained ef-
fective as the number of trainable parameters increased, achieving com-
petitive or better recovery of tissue properties, while requiring substan-
tially fewer function evaluations than the comparators. These results
suggest that differentiable physics is a parametrically scalable approach
for estimating non-linear thermal tissue properties in cryoablation mod-
eling.

Keywords: Cryoablation · Computational Modeling · Differentiable Physics
· Digital Twin · Parameter Estimation.

1 Introduction

Cryoablation is a minimally invasive thermal ablation modality used to treat
selected tumors by freezing tissue to cytotoxic temperatures, thereby induc-
ing cellular necrosis [9]. Successful treatment with a low chance of local tumor
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recurrence requires meticulous pre-procedural planning, which currently relies
heavily on clinician expertise and imaging [3]. Manufacturers support this plan-
ning process by providing reference charts that summarize expected ablation
performance under controlled bench test conditions. The underlying data is typ-
ically generated in conductive phantom media (e.g., ultrasound gel heated to
body core temperature), using standardized freeze–thaw protocols (e.g., a 10-
5-10 min freeze-thaw-freeze cycle) and thermocouple sensors [2, 7, 16]. Result-
ing temperature isocontours are translated into the reference charts used for
procedural planning. While useful, they only capture certain pre-defined probe
placements and fail to capture patient-specific variability or complex in-vivo bio-
physics. Computational modeling could be used instead to forecast the growth
of the iceball and the resulting post-operative ablation zone for arbitrary probe
configurations and surrounding tissues. Hence, it may serve as a valuable tool
for treatment planning, reducing the cognitive burden on clinicians [13].

Most computational models simulate cryoablation using the Pennes bioheat
equation and often approximate the thermal tissue properties as constants or
piecewise functions across phase-change thresholds [5, 10, 13, 16]. However, pre-
dictive performance is often limited because these simplified assumptions do not
capture the true phase-change behavior of the tissue, where thermal conductivity
changes abruptly and effective volumetric heat capacity exhibits a sharp peak
[2, 7]. However, accurately measuring tissue thermal properties across the full
cryogenic range is technically demanding and requires specialized equipment.

An alternative route is data-driven personalization of the computational
model using observational data from cryoablation experiments. Here, it may
be necessary to use flexible, high-dimensional parameterizations rather than
simple baseline functions to capture the underlying strongly non-linear behav-
ior. Traditional computational model personalization methods (e.g., parameter
sweeps [18], simplex [6], or other methods [1, 4]), however, require repeated, ex-
pensive forward evaluations, rapidly losing tractability as parameter dimension-
ality increases. Differentiable physics offers a promising alternative by enabling a
parametrically scalable, gradient-based optimization of high-dimensional mod-
els. By computing exact end-to-end sensitivities via automatic differentiation
across time-stepping dynamics, it enables highly effective inverse parameter es-
timation [8, 12].

Motivated by these advantages, we developed a differentiable implementation
of the simplified Pennes bioheat model for cryoablation. The framework models
thermal conductivity and volumetric heat capacity as trainable temperature-
dependent functions and uses an objective function combining data fidelity with
curvature-based regularization. In addition, we conducted a series of synthetic
experiments to assess the scalability and practical effectiveness of the proposed
framework.
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2 Methodology

2.1 Simulating Cryoablation In A Bench Test Setup

In this proof-of-concept study, we aim to uncover tissue-specific thermal prop-
erties from spatiotemporal temperature measurements using a synthetic setup
consistent with single-probe cryoablation bench testing. In particular, we model
cryoablation in a heated ultrasound gel phantom as an inhomogeneous heat dif-
fusion problem defined by

cv(T)
∂T

∂t
= ∇ · k(T)∇T (1)

where T is the temperature field, t is time, and k and cv are the temperature-
dependent thermal conductivity and volumetric heat capacity, respectively. To
solve the equation numerically with the Finite-Difference method, our simula-
tions were performed on a 2D computational domain of 120×120 mm (see Fig. 1),
discretized with a uniform cell size of 2mm and a time step of 0.2 s, chosen to al-
ways satisfy the CFL condition in our experiments while keeping computational
cost and training time manageable.

Fig. 1. Illustration of the 2D computational domain used to simulate heat diffusion
during cryoablation, showing the temperature field at 300s into the freezing cycle.

The domain comprises two compartments: (1) the probe which was modeled
as Stainless Steel 3045 with a diameter of 2.1mm and its non-insulated active
zone of length 16mm, located 3mm away from the probe tip and positioned such
that it is located in the domain center; and (2) the surrounding thermal con-
ductive medium, initialized at 37 °C and modeled to behave thermally similar to
ultrasound gel. In this work, we chose three configurations of varying complexity
5 https://trc.nist.gov/cryogenics/materials/304Stainless/304Stainless_rev.htm
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to model the thermal properties of the gel and to generate the synthetic reference
data for our experiments. The first configuration describes a linear temperature
dependence, which we model as

k1(T ) = (−0.0018 · T + 0.08) · 0.01, and cv1(T ) = (0.02 · T + 4) · 0.001. (2)

The second configuration defines a simple non-linear temperature dependence,
which is a handcrafted and smoother variant of the mathematical equations
provided in [7], given by

k2(T ) =

{
(0.00012 · T 2 + 2.3) · 0.001, if T < −5◦C,

(− tanh(T + 20) + 1.5) · 0.001, if T ≥ −5◦C,
(3)

cv2(T ) =

{
(−0.8 · log(−T ) + 5.1) · 0.001, if T < −20◦C,

(0.65 · tanh(0.2 · T + 2) + 3.3) · 0.001, if T ≥ −20◦C.
(4)

The final configuration6 was manually constructed from the sparse thermal prop-
erty measurements provided in [7], which suggests a significant spike in the vol-
umetric heat capacity around the freezing point. To this end, temperature inter-
vals of distinct characteristic were first defined and plausible reference functions
were manually fitted to these distinct intervals.

Finally, we apply a Dirichlet boundary condition to the domain boundary,
keeping the temperature constant at 37 °C, and another Dirichlet boundary con-
dition to the active zone of the probe, which progressively decreases the pre-
scribed temperature from 21°C (room temperature) to -80°C within 30 s and
then to -160 °C over the next 270 s linearly.

2.2 Learning Thermal Properties From Temperature Measurements

To uncover the thermal dependence of the tissue properties, we propose a differ-
entiable-physics-based pipeline (see Fig. 2). Given an initial temperature field,
the differentiable Finite-Difference solver with a set of tuneable parameters θ
computes the temperature evolution of the bench test cryoablation for a pre-
defined look-ahead horizon, selected to be equal to the largest time stamp within
the reference data. Next, a loss function computes the mismatch between the
simulated temperatures and the reference supervision points. Backpropagation
is then applied to obtain gradients w.r.t. the underlying parameters. Since the
backpropagation increases the computational cost significantly, we may further
limit the amount of backpropgation steps by first running the simulation for
a selectable warm up period without tracking the gradient information, before
continuing the simulation with gradient tracking enabled. Finally, a gradient-
descent-based optimizer is updating the parameters and the loop is repeated
until a pre-defined threshold is reached or the optimization converged.
6 The mathematical formulation requires 10 equations and exceeds the space con-

straint. The formulas can be obtained upon request.
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Fig. 2. Schematic overview of the training pipeline. Our differentiable physics solver
predicts the temperature evolution from the initial state, with the underlying param-
eters (θ) iteratively updated by the Adam optimizer based on the loss comparing the
reference temperature fields at discrete supervision points against the computed ones.

Trainable Representation Of Thermal Properties The proposed differen-
tiable pipeline as described above would already enable the parameter optimiza-
tion of existing mathematical material models, as long as these are differentiable.
In this work, however, we chose instead a more flexible approach that does not
assume prior knowledge about the functional form of the temperature depen-
dence, except knowing appropriate bounds for the property range. Specifically,
we model the conductivity and the volumetric heat capacity function each as a
B-Spline with an adaptable total number of free parameters θ, initialized with
Xavier initialization and divided equally between each B-Spline. Moreover, given
the unconstrained B-Spline m̃p for a material property p ∈ {k, cv}, we constrain
the output to the pre-defined lower and upper limits subject to the transforma-
tion

mp(T ) = mp,min + (mp,max −mp,min) σ(m̃p(T )) , (5)
where mp,min and mp,max are the prescribed lower and the upper limit of the
material property and σ(·) denotes the sigmoid function. This guaranties that
mp,min < mp(T ) < mp,max for all T . Lower bounds were imposed to ensure non-
negativity and numerical stability, while upper bounds were set based on target
ranges to maintain physical plausibility and prevent solver instability.

Loss Function The total loss is defined as L = Lprimary + w · Lsmooth with

Lprimary =

{
0.5r2, if |r| ≤ 1,

|r| − 0.5, if |r| > 1,
(6)

and where r = y− ŷ is the prediction error between predicted and reference tem-
perature fields at selected supervision points. To reduce non-physical oscillations,
a smoothing loss Lsmooth = Rδ(k) +Rδ(cv), is added as a curvature penalty to
regularize second-order variations [11]. For a given function f ∈ {k, cv} and a
set of temperature samples I, we define Rδ(·) as

Rδ(f) =
1

|I|
∑
i∈I

(f ′′(Ti))
2
, (7)
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and approximate f ′′(Ti) using the central finite difference scheme

f ′′(Ti) ≈
f(Ti + δ)− 2f(Ti) + f(Ti − δ)

δ2
(8)

with δ set to 10−2 and I comprising a set of equally spaced points over the
temperature range of −160◦C to 40◦C. Since Lsmooth can vary over several orders
of magnitude initially, the weighting factor w must be adjusted to account for
scale differences between the two terms. From our experience, Xavier uniform
initialization of larger B-Spline-based models yields higher Lsmooth. Therefore,
its weight was chosen such that initially Lsmooth was at least four orders of
magnitude smaller than Lprimary, enabling it to act only after the primary loss
decreased. Since all experiments used fewer than 200 trainable parameters, w =
107 was applied throughout.

3 Experiments and Results

3.1 Comparative Analysis of Computational Efficiency

Differentiable physics with Adam as the optimizer was compared against BFGS
[1] (second-order, Finite-Difference gradients) and Nelder–Mead [15] (gradient
free) to evaluate scalability with increasing model size. A tolerance of 10−6 was
used for convergence across all methods to ensure consistency. All experiments
used a look-ahead horizon of 300 seconds with supervision every 15 seconds.
The number of trainable parameters was varied between 10 and 80 parame-
ters. As illustrated in Fig. 3, for the linear and simple non-linear targets, dif-
ferentiable physics achieved good approximations, particularly at lower temper-
atures, though some oscillations were observed. Differentiable physics achieved
performance comparable to or better than BFGS, while both methods generally
outperformed Nelder-Mead. This trend was particularly evident in the complex
non-linear case, where differentiable physics and BFGS produced more stable
results, whereas Nelder-Mead exhibited larger oscillations and degraded with in-
creasing model size. It was also observed that more parameters were required
to capture the complex nonlinearities. As model size increased, differentiable
physics consistently required two orders of magnitude fewer function evaluations
than Nelder-Mead and BFGS. Although each differentiable-physics evaluation
took about five times longer than a single forward simulation without gradient
computation (10.03 seconds), the method was still up to ten times faster overall
than Nelder-Mead and BFGS.

3.2 Temperature Field Evolution Prediction Accuracy

Since low training error in an ill-posed inverse problem does not necessarily imply
accurate prediction of unseen temperature dynamics, we further evaluated the
ability of differentiable-physics-trained material models to predict the tempera-
ture evolution beyond the look-ahead horizon. Models with 4 to 160 parameters
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Fig. 3. (Left) Learned material property function representations from the model with
80 trainable parameters, overlaid on the three target functions of increasing complex-
ity. (Right) Mean absolute error of the learned material property functions and the
corresponding number of function evaluations, shown as a function of the number of
model parameters for each target function.

were trained with the complex non-linear target data, a 300 s look-ahead horizon,
and with either a single final supervision point (with 240 s warm-up period) or
supervision every 15 s (no warm-up period). Performance was assessed by simu-
lating a 10–5–10 min freeze–thaw–freeze cycle and computing the average MAE
of the predicted temperature over the full 1500 s duration (see Fig. 4).

Models trained with multiple supervision points consistently outperformed
those with a single point, except for the 4-parameter model, which lacks the
capacity to capture complex non-linearities. Prediction errors at exact supervi-
sion points were lower than those across the complete 1500 s simulation. The

Fig. 4. Average mean absolute error (MAE) of predicted temperature fields as a func-
tion of the number of trainable parameters in the material model. Each model was
evaluated by simulating a complete ablation protocol, with the MAE computed at ev-
ery second and then averaged over the full simulation duration.
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optimization explicitly minimizes errors at these markers, whereas the full sim-
ulation tests generalization. Notably, scaling beyond 80 parameters yielded only
marginal gains at supervision points while degrading overall simulation accuracy.
This degradation strongly indicates over-parameterization. A highly flexible B-
spline learns a representation that can predict temperatures at the supervision
points more accurately than a full freeze-thaw-freeze cycle.

4 Discussion and Conclusion

Our results demonstrate that differentiable physics provides a parametrically
scalable and efficient framework for cryoablation model calibration and the dis-
covery of temperature-dependent thermal properties. Compared to conventional
optimization methods such as BFGS and Nelder-Mead, the proposed approach
remains tractable as the number of parameters in the model increases.

The reported reduction in function evaluations also partly reflects that the
comparators relied on finite-difference or gradient-free updates, whose cost scales
with parameter dimensionality. A comparison against quasi-Newton methods
using automatic-differentiation gradients (e.g., L-BFGS) remains an important
direction for future work. Moreover, incorporating temporal information during
training improves prediction quality, indicating that richer spatiotemporal data
can help constrain the inverse problem.

We evaluated the feasibility of our proposed pipeline on idealized, noise-
free synthetic data based on plausible handcrafted thermal property configura-
tions. Future work will aim at transferring the pipeline to real bench test data,
which includes noise and uncertainties from probe placement, thermocouple sen-
sors, and gel impurities, among other sources. Furthermore, we used a simplified
Pennes model without perfusion or metabolic heat, which is mainly appropri-
ate for the current bench experiments. However, translation to patient-specific
adaptive cryoablation models will require more clinically realistic data, such as
isotherm boundaries obtained from intra-operative cryoablation imaging. A key
challenge is that patient data may be sparse in time, which limits the amount
of information available to constrain the inverse problem.

Moreover, estimating temperature-dependent thermal properties from tem-
perature data remains inherently ill-posed. This is reflected in the oscillations
observed in the learned functions, despite the low errors in the predicted tem-
perature fields. It indicates that different material property functions, especially
common scalings of k and cv could result in the same thermal diffusivity (k / cv
ratio), which may explain the measured data equally well.

Future work should therefore further constrain the solution space by incorpo-
rating prior knowledge, such as physiologically motivated constraints or known
functional behavior across temperature regimes published in literature, as ex-
plicit constraints or regularization terms. The observed oscillations may also indi-
cate over-parameterization, particularly given that the inverse problem depends
on both the chosen parameterization, and the spatial and temporal discretiza-
tions. Future work should evaluate the suitability of B-Splines for representing
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temperature-dependent material properties and compare their performance with
alternative function approximation methods. In addition, since spatial grid reso-
lution and time step size were kept constant across all experiments, a systematic
investigation of spatial and temporal discretizations is therefore needed to de-
termine an appropriate balance between accuracy, stability, and computational
cost.

Reducing optimization time will also be important for time constrained clin-
ical applications. This could be addressed through performance engineering, im-
proved solver implementations, or recent physics-based deep learning approaches,
such as the correction of discretization errors [17] and surrogate models [14].

The results demonstrate that our methodology enables computationally effi-
cient personalization of cryoablation models by recovering temperature-dependent
thermal properties from spatiotemporal temperature data. The findings establish
both methodological feasibility and practical relevance of differentiable physics
for high-fidelity cryoablation modeling.

Disclosure of Interests. The authors have no competing interests to de-
clare that are relevant to the content of this article.
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based on research results that are not commercially available. Future commercial
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