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Abstract. Stereotactic radiofrequency ablation is a minimally invasive,
image-guided intervention that can treat large tumors using multiple
coaxial ablation needles or applicators. Planning such interventions un-
der strict clinical constraints is time-consuming and highly dependent
on operator expertise. Existing automated approaches based on genetic
algorithms, set-covering, or predefined heuristics have long runtimes and
limited clinical applicability. In this work, we propose a novel differen-
tiable planning framework that jointly optimizes many applicators, each
described by a position in 3D space and an orientation given as a unit di-
rection vector. We propose optimizing for sufficient coverage and safety
of the trajectories using differentiable loss terms that also account for
multiple pullback positions. On the public 3D-IRCADb-01 dataset, our
method significantly improves the minimum ablative margin over related
work in under 10 seconds (median), more than an order of magnitude
faster. Further, we evaluated on a large multi-needle cohort spanning
176 lesions from 129 interventions at the Innsbruck University Hospi-
tal: the proposed plans are safe (distance from critical structures of 5.8
mm), effective (minimum ablative margin of 6.0 mm), feasible (minimum
applicator inter-distance of 7.5 mm) and are similar to what the clini-
cians executed. To our knowledge, this is the first interventional ablation
planning method to cast multi-needle trajectory planning as a differen-
tiable, manifold-constrained problem and one of the first validated on a
large-scale clinical cohort, with a runtime suitable for intraoperative use.
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1 Introduction

Thermal ablation has emerged as a well-established alternative to surgical resec-
tion for the treatment of liver tumors. The randomized controlled COLLISION
trial proved the non-inferiority of thermal ablation to resection for small col-
orectal liver metastases, with shorter hospital stays and fewer complications [I5].
Radiofrequency ablation (RFA), the most widely adopted variant, is a minimally
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invasive, image-guided procedure in which alternating current delivered through
the applicator electrodes induces localized coagulative necrosis, thus achieving
targeted tumor destruction while sparing surrounding healthy tissue [5]. Because
a single electrode produces a limited coagulation volume, RFA has historically
been used only for small lesions. To address this limitation, stereotactic radiofre-
quency ablation (SRFA) approaches have been developed [6]. Typically, contrast-
enhanced CT images are obtained and used to plan the applicator trajectories.
Then, multiple coaxial applicators are sequentially advanced to the predefined
location, and a non-enhanced CT control scan is used to verify needle placement.
Immediately after ablation, a scan is performed to assess ablation outcome [4J5].

Multi-needle planning, the focus of this paper, is a time-consuming task and
requires specialized knowledge [2124]: for each needle, clinicians must determine
the target and skin insertion points such that the induced ablation zone covers
the tumor alongside a safety margin, avoids critical structures such as bone,
vasculature, and adjacent organs, and remains far apart from the other needles
to prevent collisions. Early methods optimizing single-applicator plans include
simplex optimization [3], GPU-accelerated Pareto-optimal trajectory selection
[26], heat-distribution simulation [25], and reinforcement learning [9]. To tar-
get multi-applicator interventions, Chen et al. propose a clustering algorithm
to automatically determine the optimal ablation zones [10]. Li et al. reduce the
problem to 2D and optimize up to three applicators, with an average runtime
of 59 s [16]. Wang et al. parameterize up to four cryoablation regions as 3D el-
lipsoids with differentiable Gaussians, with reported computation times ranging
from minutes to hours [29]. In contrast, we optimize the applicator trajectories
under differentiable safety and feasibility constraints. A further layer of com-
plexity arises from the pullback technique, in which clinicians retract the active
electrode along the trajectory to generate multiple contiguous ablation zones [4].
Liang et al. adopt a set-covering technique to optimize multiple needles with pull-
back with an average computation time of 8 min [I8]. Yu et al. employ a genetic
algorithm to find optimal trajectories for selected candidate target points [31].
Lukes et al. propose a genetic algorithm capable of handling multiple applicators
with pullback, with a computation time that can reach several minutes in com-
plex cases [19]. Li et al. developed a set of constraints within a multi-objective
optimization framework targeting small, early-stage lesions [I7]. Despite their
differences, these methods often cast planning as a combinatorial search prob-
lem, which scales poorly with the number of needles and incurs runtimes that
preclude intraoperative use.

This raises a central question: how can we generate safe and feasi-
ble multi-needle plans for thermal ablation interventions intraoper-
atively? Different from traditional combinatorial search methods, we propose
to cast thermal ablation planning as a differentiable, manifold-constrained op-
timization problem. Our empirical results show that the proposed method im-
proves the safety, efficacy, and feasibility of stereotactic radiofrequency abla-
tion interventions, while being more than an order of magnitude faster than
related work. In summary, the main contributions of this work are threefold: 1)
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We formulate multi-needle planning as continuous optimization on the product
manifold R3 x S2. 2) We replace combinatorial search with novel differentiable
loss objectives to satisfy distance constraints and sufficient ablative margins. 3)
We conduct comprehensive experiments on the 3D-IRCADb-01 public dataset
and retrospectively evaluate on 176 lesions from the Innsbruck University Hos-
pital, one of the largest multi-needle cohorts to our knowledge. In the following
sections, we introduce our method, report the experiments, and discuss the im-
plications.

2 Methods

We represent a treatment plan p as a set of Nypplicators € N applicators, each
defined by a target point t; € R and an insertion direction as a unit vector
on the sphere manifold d; € S2. This parameterization is necessary to ensure
smooth gradient updates during optimization [II8] and to avoid gimbal lock
discontinuities [32]. We approximate each ablation zone as a cylinder, following
common practice for the pullback technique [19].

2.1 Anatomy Representation

We implicitly encode each anatomical structure (bones, vasculature, other or-
gans) as a signed distance field (SDF) ¢(x,0f2), which maps a query point
x € R? to its signed Euclidean distance from the structure boundary (negative
values inside 9f2 and positive values outside). We precompute the SDFs on a uni-
form voxel grid and evaluate arbitrary sample points via trilinear interpolation,
preserving first-order differentiability [23]. For structures consisting of multiple
mesh boundaries (e.g., when combining different organs in a single mesh), we
compute the SDF by taking the pointwise minimum distance to each SDF. Fig-
ure [I] shows a slice of an SDF volume and the corresponding plan proposed by
our algorithm for a random case.

2.2 Loss Objective

In the following, let LSE(x) = log} . e® be the LogSumExp-function with a
temperature of 1.0, and accordingly p(x) = —LSE(—x) be a smooth approxima-
tion to the minimum. We define the total loss £ to be optimized as:

L= )\safety . Lsafety + )\applicators . Lapplicators + Acoverage . Lcoverage (1)
where A\, are the weights of each term explained below.
Distance From Critical Structures We extract bones, vasculature, and other

organ meshes with marching cubes from segmentation masks obtained with To-
talSegmentator [29/30]. To penalize trajectories with insufficient distance (less
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(b) Plan generated by our algorithm
with corresponding distances to nearest
critical structures along each trajectory.

(a) Visualization of one slice of the SDF
volume. Black contours show the out-
lines of anatomical structures.

Fig.1: We encode anatomical structures with a SDF grid. The colors show the
signed distance in mm to the closest anatomical surface boundary: from red (far
away) to blue (closer, possibly penetrating).

than «) from the boundary of critical structures 0f2anatomy, we define Lgagety as:

1 Napplicators

Z ReLU (Oé — K (¢ (Si, 6‘Qanatomy))) ) (2)

=1

Lsatety(P) =
sae Y( ) Napplicators

where s; is a set of 1000 equidistant points spanning the probe length of 200 mm,
sampled along the applicator’s trajectory.

Applicator Inter-distance Let S be the segment-to-segment distance [I1],
then we define Laypplicators t0 avoid applicator collisions as:

Lapplicators(P) = ReLU (8 — pix;(S(ps, Py))) - (3)

Coverage Let Pyymor € RNwumorX3 he the set of Nyymer tumor points to ablate
and Ppupack € RNeppticators X NpunbaciX3 - denote all pullback positions across all
applicators. Ppuiback,jk € R3 is the k-th pullback position along the j-th ap-
plicator, and Npuliback is the number of treatment points per applicator. In our
experiments, we followed the protocol used by the clinicians at the Innsbruck
University Hospital and used Npuiback = 4 evenly spaced at 30 mm intervals.
We define the coverage loss as follows:

1 Ntumor

Z ;ufj,k”Ptumor,i - Ppullback,j,k”- (4)
i=1

ﬁcoverage(Ppullback) Ptumor) = N,
tumor
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2.3 Iterative Optimization
The optimization workflow consists of the following steps:

1. for the initial applicator, we sample a random point from the tumor mesh

as the target point. We set the initial direction vector parallel to the z axis,

without loss of generality;

we use Riemannian Adam [8/I3] to minimize Equation

3. applicators are incrementally added and jointly optimized with all current
ones until a target minimum ablative margin (MAM) is achieved, as the
MAM is the clinically decisive quantity [I4]. We initialize the target point
of the new applicator to the tumor point farthest from the currently placed
applicators and set the direction vector parallel to the z axis.

N

The target ablative margin is clinician-defined and tumor type dependent; follow-
ing prior work, we used a margin of 5 mm in our experiments [19]. Heuristically,
we progressively reduce the target ablative margin when >20 applicators are
required and terminate optimization when >32 are needed.

We randomly sample a case and plot the progression of £ and ablative margin
in Figure [2a] and the result in Figure In all our experiments, we optimize £
for at most 1000 iterations with a patience of 100 iterations and a learning rate of
10~2. For all datasets, we empirically set Acoverage = Asafety = 1.0, Aapplicators =
0.1, « = 2.0 and g = 7.0. We implemented our algorithm in PyTorch and ran
the experiments on Ubuntu 24.04 with an Intel Core i9-14900K CPU.
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(a) Loss £ (green) and MAM (red) pro-
gression on a case from the Innsbruck
University Hospital. The insertion of a
new applicator (at iterations 196 and
332) creates a spike in £ due to col-
lisions with anatomical structures and
other applicators.

(b) Applicators inserted by clinicians
(solid lines) vs. those proposed by our
method (dashed lines). Liver tissue is
shown in cyan, tumor in purple, vascu-
lature in red, bones in gray, and other
organs in orange.

Fig. 2: Loss and MAM progression (left) and corresponding plan proposed by our
method with clinician’s plan (right) as reference. In this case, three applicators
are found to be sufficient to achieve a MAM of 6.8 mm, with a distance to the
nearest critical structure of 4.9 mm.
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3 Experiments & Results

3D-IRCADDb-01 Cohort We follow related work and evaluate on the open-
source 3D-IRCADD-01 dataset [I9)28], which comprises 120 lesions from 20 pa-
tients; cases 5, 7, 11, 12, 14, and 20 were excluded due to the absence of liver
tumors and an exophytic lesion in case 12 [19]. To compare with [I9], we used
their open-source code, while for [3IJI8], we relied on the metrics reported in
their publications, as the respective authors did not share their code. Moreover,
we filter our results by maximum tumor volume (TV) since [31IT8] do not dis-
close the specific tumors used in their evaluations. For a fair comparison, we run
our method with the smallest ablation zone radius (AZR).

We report the salient Mean Coverage (MC) and the 10% Trimmed Mean
Coverage (TMC) metrics with an ablation margin of 5 mm. In addition, we
present the MAM metric in mm as it is an independent predictor of local tumor
progression, using 5 mm as a threshold for subcapsular and perivascular lesions
[14]. In Table [I} we also show the number of lesions in the cohort (N), the
number of applicators Napplicators Used for each method and the runtime T in
seconds measured from loading the anatomical meshes, excluding the time spent
on metric computation.

For all metrics, we report the median and the 5% and 95% confidence intervals
in square brackets, with the arrows indicating whether higher (1) or lower ()
values are better. We denote statistically significant differences with the baseline
(marked in italics) with an asterisk (*); to compute the p-value, we used the
paired Wilcoxon signed-rank test with Bonferroni correction.

Table 1: Results on the 3D-IRCADb-01 dataset, grouped by tumor volume. A
direct paired statistical comparison with [3I] and [I8] could not be performed,
as neither study reports outcomes at the per-case level.

Method AZR N TV MC (TMC) 1+ MAM T  Napplicators + T

ours 15 116 58.5 1.00 (1.00) 7.3 [5.0,12.3] 1.0 [1.0,7.2] 4.0 [2.5, 20.0|

BT 15-40 32 44.5 0.99 (1.00) N/A 1.6 [1.0, 3.5] N/A

ours 23 115 27.6 1.00 (1.00) 14.6 [5.0, 20.3] 1.0 [1.0, 2.0] 3.5 [2.4, 6.1]

[ 23-55 20 284 1.00 (1.00) N/A 1.0 [1.0,1.0]  480.0 [N/A]

ours 10 120 341.2 0.96 (0.99) 5.3 [2.2, 7.3] 4.0 [1.0, 22.0] 9.6 [2.5, 112.6]
*

[[9] 10 120 341.2 0.80 (0.82)* 3.7 [0.3,7.1]* 3.0 [1.0,19.0]* 71.6 [3.4,1689.9]*

Innsbruck University Hospital Cohort To assess clinical applicability, we
performed a retrospective evaluation on 176 lesions across 129 SRFA interven-
tions in 125 patients treated at the Innsbruck University Hospital. To our knowl-
edge, this is one of the largest multi-needle cohort reported in the literature.
First, we extracted the applicators from the intraoperative CT needle control
scan by filtering based on Hounsfield intensities and organ segmentation masks
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from TotalSegmentator [30]; then we performed line detection with RANSAC-
3D [20]. Second, we non-rigidly registered this scan with the pre-interventional
contrast-enhanced CT scan [27], in which two expert clinicians manually seg-
mented the lesions; this co-registration is necessary to account for intraoperative
deformations. For this cohort, we adopted an AZR of 15 mm, since insufficient
ablative margins computed using a cylindrical 15 mm simulated ablation zone
around the detected applicators were significantly associated with local tumor
progression (p-value = 0.042).

We present results in Table [2] including the minimum distance to the closest
anatomical critical structure (CS) and the minimum applicator inter-distance
(ID), both in mm. In addition, we report a median and the 5% and 95% confi-
dence intervals of the length of applicators inside the liver ({) of 48.8 [11.1,117.8]
mm (compared to 60.0 [29.9,100.1] and 38.8 [5.3,105.5] mm obtained by clin-
icians and [19], respectively), and an intersection angle to liver surface (1) of
37.6 [15.3,77.9] (compared to 35.0 [11.8,68.1] and 31.4 [3.4,70.2] mm obtained
by clinicians and [19], respectively). Note the MAM for clinicians’ plans: this is
due to the extraction of needles from the first intraoperative control CT, which
may include suboptimal positions. To evaluate the plausibility of the plans,
we trained a SetVAE [I2] to learn a compact representation of the clinician’s
plans; after training for 500 epochs, the held-out RMSE reconstruction error
was 0.47 [0.36,0.60]. We quantify the similarity of a given plan to clinical prac-
tice as its Euclidean distance from the clinicians’ plans in this learned feature
space, with smaller values indicating greater similarity; we plot this feature space
in Figure Our plans are significantly closer to the clinicians’ (0.52 [0.21, 1.07])
than those of [I9] (0.97 [0.46, 1.69]*), indicating that our method produces tra-
jectories more consistent with expert practice.

Table 2: Quantitative results on the dataset from the Innsbruck University Hos-
pital.

Method MAM T CS T ID T Napplicators \L T l(
ours 6.0 [5.1,10.2] 5.8 [—0.3,10.5] 7.5 [2.7, 11.2] 2.0 [1.0, 11.0] 8.6 [4.5, 67.0]
clinicians 0.3 [—13.5,6.9]* 2.5 [—0.9,8.7]* 8.7 [2.5,20.3]* 3.0 [1.0,7.0] N/A

[[0] 5.3[2.3,10.3]* 1.6 [0.0,17.8]* 7.2 [3.3,15.6] 1.0 [1.0,11.6] 252.4 [12.0,1001.4]*

4 Discussion and Conclusion

The empirical results reported in Table [I] and Table 2] show statistically sig-
nificant improvements over related work. While our method needs one more
applicator (median) than [19], it also achieves a significantly better MAM, nec-
essary for the success of the intervention, and is more than an order of magnitude
faster (see Figure . Note that while we do not optimize for length of appli-
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Fig. 3: On the left we visualize the feature space of our Set VAE while on the right
we compare the tumor volume to the computation time. Our method (blue) is
at the same time more similar to clinicians (green) and more than an order of
magnitude faster than related work [I9] (red).

Table 3: Ablation studies on the 3D-IRCADbD-01 dataset, grouped by ablation
area: parameterization of the applicators and loss terms.

Ablation MAM 1 Cs 1 D 1 Napplicators 4 T
ours 53[2.2,7.3] 3.7[-1.1,6.9] 4.5][0.2,7.8] 4.0[1.0,22.0] 9.6 [2.5, 112.6]
32] 5.3 (28,70 1.5[-1.7,6.0* 4.3[1.9,7.4] 5.0 [1.0, 32.0]* 6.2 [2.0, 108.8]*

7] 5.3 (3.0, 7.1] 0.0 [-2.9,6.6]* 4.7 [2.9, 7.7]* 4.0 [1.0, 32.0] 11.8 [3.1, 175.4]*

Leatety 5229, 7.1] —2.1 [=7.9,4.4]* 6.6 [3.6, 8.1]* 5.0 [1.0,27.0] 10.9 [2.5, 114.7]
Lapplicators  5:3 [2.5, 7.3] 3.7 [<0.3,7.3] 0.1 [0.0, 5.1]* 4.0 [1.0, 26.0] 9.0 [2.5, 125.3]
Leoverage 3.3 [~2.2,6.3]* 3.8 [~0.4,6.8] 7.0 [0.1, 9.5]* 20.0 [1.0, 21.0]* 40.9 [2.6, 80.4]*

cator inside liver nor for the intersection angle to the liver surface, we achieve
comparable results to related work and clinicians in these metrics.

Ablation Studies To evaluate the individual contribution of the proposed
components, we conduct multiple ablation studies as shown in Table[3] First, we
evaluate the impact of applicator representation by comparing our method with
the Adam optimizer on the differentiable roto-translation manifold from [32].
We also compare our approach with Projected Gradient Descent (PGD) [7], pa-
rameterizing each applicator as a pair of insertion and target points: optimizing
on the proposed manifold R? x S? yields significant improvements on safety dis-
tances and number of applicators over related representations [32], [7]. Finally,
we run our method ablating each loss term individually (see the last three rows
of Table . Including Lgaety and Lapplicators significantly improves the distance
to critical structures and the applicator inter-distances, respectively. Lcoverage
helps to achieve a significantly higher MAM, with fewer applicators.
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Limitations and Future Work We acknowledge several limitations of our
current implementation. First, optimizing for applicator length in the liver and
applicator angle to the liver surface could improve the feasibility of the tra-
jectories. Second, the loss weights are fixed and independent of the number of
applicators; our algorithm might benefit from an adaptive strategy. Third, dif-
ferentiable models for ablation can be used to make a more realistic prediction
of the MAM [22]. Finally, to initialize new applicators, future work could explore
learning-based strategies. As a next step, we intend to address the limitations
of our method and conduct multi-center studies evaluating the robustness and
generalizability of our method. Although we focus on SRFA, our approach gen-
eralizes to microwave ablation, cryotherapy, and irreversible electroporation. In
practice, the ablation-zone model, device constraints, and a subset of loss terms
need to be adapted.

Conclusion In summary, we propose to cast multi-needle ablation planning
as a differentiable, manifold-constrained optimization problem on R? x §2. Our
formulation can significantly improve the safety and feasibility at a fraction of
the computational cost of related work. These results position the proposed
framework as a viable step towards reliable, intraoperative planning for stereo-
tactic thermal ablation interventions. The source code is available at https:
//git.uibk.ac.at/informatik/igs/open/r-adam-srfa.
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