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Abstract. Fractional flow reserve evaluation plays a crucial role in di-
agnosing ischemic coronary artery disease. Machine learning based frac-
tional flow reserve evaluation has become the most important method
due to it effectiveness and high computation efficiency. However, it still
suffers from lacking of the proper description for the coronary artery
fluid. This study presents a variational field constraint learning method
for assessing fractional flow reserve from digital subtraction angiography
images. Our method offers a promising approach by integrating governing
equations and boundary conditions as unified constraints. By leveraging
a holistic consideration of the fluid dynamics, our method achieves more
accurate fractional flow reserve prediction compared to existing methods.
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1 Introduction

Machine learning for assessing fractional flow reserve (FFR) stands out as a
valuable approach in diagnosing ischemic coronary artery [1,2]. FFR is regarded
as the gold standard in the functional diagnosis of coronary artery disease [3],
due to its precise evaluation of the possibility of ischemia following stenosis. The
FAME study, a landmark clinical trial, demonstrates a 4.5% reduction in mortal-
ity or myocardial infarction after 2 years under FFR guidance [4,5].However, the
widespread adoption of FFR is hindered by medical instruments and diagnostic
costs, prompting the use of various methods to evaluate FFR from images. Dig-
ital subtraction angiography, as a high-resolution imaging technique, furnishes
critical information for the quantitative FFR assessment [6,7]. Computational
fluid dynamics(CFD) and streamlined estimation methods gather geometric in-
formation from images and use numerical operation to calculate FFR. But those
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two methods are limited by complex processing and accuracy [8]. Benefit from
its computation efficiency and accuracy compared with other methods, machine
learning-based FFR evaluation is considered as a promising method [9].

However, the machine learning-based FFR evaluation still encounters chal-
lenges. The challenge is difficult to build a unified description for the physi-
cal field [6]. The unified description of coronary fluid is challenging to estab-
lish, because it is difficult to find a paradigm to establish the relationship be-
tween Navier-Stokes equations and the boundary conditions [10]. Navier-Stokes
equation defines the fundamental laws to control the flow of blood through
the coronary artery[8]. The boundary conditions give the framework specific
constraints[6]. Both of them depend on each other and work together to rep-
resent the dynamic of boundary-flowfield coupling. However, machine learning
method faces challenge in predicting FFR, due to the lack of a suitable paradigm
as a prior to describe the dynamic of boundary-flowfield coupling.

The existing methods are difficult to address the above challenge. Data-
driven methods are hard to gather valuable features to predict FFR directly
from images, due to ignore the fluid mechanics of coronary artery [10]. Apart
from data-driven method, physics informed machine learning methods have con-
sidered the priors to tackle the challenges associated with data complexity. This
progress is finished by integrating governing equation and boundary conditions
separately [11,12]. However, separately learning these two constraints [13,14] and
understanding one under the influence of the other [15,16] are hard to offer an
effective solution to this challenge. Because they use a integral system as two
distinct components, and it can introduce the mathematical instability and the
inaccuracy in understanding the system’s behavior.

In this study, we propose a variational field constraint learning method (VF-
CLM) to address the challenges associated with assessing FFR. VFCLM uses
a variational form to constrain the learning process to obtain results consistent
with physics. This variational form obtains a unified representation of the gov-
ern equations, inlet boundary condition and resistance boundary conditions by
multi-domain fusion method[17], thereby ensuring precise prediction of FFR.
The advantage of this method over the two separate constraints is it can more
naturally integrate the governing equations and boundary conditions into a rel-
atively concise and complete mathematical form [17]. This study introduces an
elegant and robust mathematical structure, coupled with a corresponding multi-
vessels network architecture.

The main contributions in the paper are four-fold:

1. We propose VFCLM to obtain physical information within the temporal
and spatial domains of the coronary artery and accurately assess FFR from
digital subtraction angiography images,

2. VFCLM introduces a variational form integrally taking into account the
Navier-stokes equations and boundary conditions,

3. VFCLM uses a multi-vessel network structure and adds Murray’s law as the
hard constraint to satisfy the fluid properties in the vascular tree.
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4. The extensive experiments on the 8000 synthetic coronary and digital sub-
traction imaging images of 180 cases. The performance of our VFCLM
demonstrates the advantages over existing methods.

2 Method

2.1 Problem Statements

Previous related works used the Navier-Stokes equations and boundary con-
ditions separately as the constraints and want to obtain physically consistent
prediction of FFR [6,18,19], as shown in Fig. 1. However, considering boundary
conditions and Navier-Stokes equations as separate constraints results in a sys-
tem inconsistency and numerical instability. The Navier-Stokes equations and
boundary conditions shape fluid fields. In physics-informed machine learning,
they guide physical information calculation, but overlooking their interaction
leads to issues in consistency, stability, and efficiency. This oversight complicates
complex flow dynamics, especially in coronary FFR assessment.

Fig 1. Previous related methods used boundary conditions and a fluid internal domain
controlled by Navier-Stokes equations to describe the coronary artery, our approach
takes it as a whole.

2.2 Variational Field Constraint Learning Method

In this study, we propose VFCLM for accurate FFR prediction from digital
subtraction angiography images (Fig.2). We derive a variational form to consider
Navier-Stokes equations and boundary conditions together, and use it as the
constraint in multi-vessels neural network.

As shown in Fig.2, this VFCLM uses the coupling multi-domain method to
describe the whole fluid field to predict the discrete distribution of flow and
pressure. In details, coupling multi-domain methods are applied to the coupling
of boundary and internal domains, and to the coupling of different vascular
domains, respectively, to obtain predictions consistent with physics.



4 Q. Zhang et al.

Fig 2. The schematics of the presented VFCLM framework.

Multi-vessels Neural Networks. In our study, we have implemented a
prepossessing pipeline and utilized multi-vessels construction to calculate the
physical information for multi-vessels. First, we extract geometric information
from the image, which means the creation of an adjacency matrix representing
the connectivity of blood vessels and path of the wave. According to this adja-
cency matrix we can effectively extract a top-down directed graph from it. This
diagram determines the physical transmission of information between parents
and child blood vessels (Murray’s Law). Concurrently, we also extracted geo-
metric parameters for each segment of the blood vessels. The combination of
the adjacency matrix and the geometric data provides a comprehensive repre-
sentation of the vascular network as shown in Fig.2. In details, we construct the
corresponding single-vessel network according to the number of straight tubes,
and determine the physical information transfer[9].

Derivation of Variational Form. During coronary FFR assessment, the
Navier-Stokes equation can be simplified to a 1D form [19] as follow:
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this equation shows the interaction between the flow rate Q(z, t), the pressureP (z, t),
and the cross-sectional area S(z, t), the external force f(z, t), along the vessel’s
centerline axial coordinate, z. By processing the clinical measurements, the in-
puts of VFCLM include the morphology S(z) ∈ RNv×Nd×1, the spatial coordinate
Z ∈ RNv×Nd×1 and the boundary conditions γ ∈ RNb×Nt , as shown in Fig.2. The
Nv, Nb, Nd and Nt are the number of vessel branches, sampling spatial points,
coronary boundaries and sampling times points.

To simplify this problem, the arterial wall is considered as rigid without
deformation, and gravitational effects are neglected, which represent the S(z, t)
can be replaced by S(z) [20]. The inlet conditions are typically specified at begin
of the 1D coronary artery[21]: Q(z, t) = Qin(t), where z ∈ Tin.

Considering that Dirichlet boundary conditions are difficult to obtain, impedance
boundary conditions R(z) are adopted, and they are calculated by TIMI count
method and Poiseuille equation [21,19]: R(z) = P (z, t)/Q(z, t), where z ∈ Tout.

In order to describe the coupling problem of multiple physical fields more
clearly, we propose a quasi-linear conservative form [22] through (3) and (4)
shown:
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where the v represents the viscosity with value of 0.003Pas, the details about
N can be found in ref.[18].

In this research, we integrate the Navier-Stokes equations and boundary con-
ditions into an variational form. This variational form provides a comprehensive
framework for the generalized energy transformation across the entire fluid sys-
tem. We use the Lagrange multiplier method to add the boundary condition as
the part of the fluid system to provide the variational form[9]. Considering that
the boundary condition is a pure impedance boundary, we bring the boundary
condition into the energy functional. The variational form is given with range of
Ω = [0, L] and t = [0, T ]. The Lagrangian function is defined as W = [W1,W2].
Here, the description of the variational form in this system is defined as follow:∫ T
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where the first part represents the Navier-Stokes equation, the second and third
part represent the co-effects of the patient-specific inlet and outlet conditions
with Navier-Stokes equation, the fourth and firth part define the co-effects of
initial conditions with Navier-Stokes equations.And the M1(z) = p(z, t)/R(z),
M2(z) = 4/3 ∗ (M1(z))

2/S, H1(z) = H2(z) = 0.
Variational Energy Loss. For the purpose of effectively guiding and con-

straining the network training process with the variational form, we employed
a stable space-time finite element method for its discretization[23].The discrete
variational energy loss in single vessel is defined as follows:
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Measurements Loss. A potential issue with the variational form is that it
may lead the network to converge towards the true solution in various directions.
To address this, we incorporate the discrepancy between actual measurements
and predicted values as a component of the loss function. The measurement loss
can be described as follow:

Lmeasurement =

√√√√ 1

Nc

Nc∑
c=1

(Qn,m −Qn,m,c)
2 (7)

where the Nc defines the number of measurement points, the Qn,m,c represents
the clinical measurements or computational fluid mechanics simulation results
of the nth point at mth time.

Total Loss. The total loss can be calculated by the variational energy
loss and measurements loss, which can be written as:Ltotal = Lvariational +
Lmeasurement.

Through this variational constraint, we can uniformly consider the governing
equations and boundary conditions of coronary artery to obtain accurate FFR
prediction.

3 Experiments and Results

3.1 Materials and Experiments Setup

In this research, We use two types of datasets in experiments, including 8000 vir-
tual coronary artery trees building by 0D-1D hemodynamic coronary tree models
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and 180 digital subtraction angiography images from patients.In all experiments,
the Adam optimizer is used with 16 batch size per step. Initial learning rate is
0.001 and the decay rate is 0.95.

When constructing the virtual subject dataset, we systematically varied pa-
rameters within a reasonable range, such as boundary conditions, intravascular
geometry, and vessel length etc. Moreover, this virtual subjects have been fed
into 0D-1D hemodynamic model to obtain the physical information of the coro-
nary artery [24].

Fig 3. The comparison of our method with PINN and GPGNN in virtual dataset in
one case.

In the in-vivo dataset, digital subtraction angiography images were obtained
from 180 patients who provided informed consent, adhering to clinical standards.
FFR measurements were conducted using a pressure guide-wire (Abbott, model
HI-TORQUE). Inlet conditions Qin(t) were represented as waveforms propor-
tional to vessel inlet diameter, with single resistance boundary conditions R(z)
calculated using the Poiseuille equation. VFCLM was compared against four
state-of-the-art methods: PINN, GPGNN, and 1D-CFD and 0D-CFD models.
Evaluation metrics included Mean Absolute Errors (MAE) and Mean Absolute
Percentage Errors (MAPE), measured in mmHg and

Results on Virtual Dataset.In the virtual dataset, VFCLM outperformed
other methods, including CFD, as indicated in Table 1 and Fig. 3. The physics-
informed neural network exhibited poor performance on unseen coronary due
to the separate consideration of governing equations and boundary conditions.
This separation led to incomplete utilization of available information, affecting
the accuracy of predictions.

Results on In-vivo Dateset.In the in-vivo dataset, VFCLM demonstrated
superior performance compared to other methods, including CFD, as illustrated
in Table 1 and Fig. 4. Notably, we included CFD results for comparison purposes,
as relying solely on physics-based constraints poses limitations in achieving ac-
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curate predictions. Our findings reveal that VFCLM outperforms hemodynamic
simulations, attributed to its utilization of a weak form to guide the network
and incorporate Lmeasurement for convergence towards clinical measurements.
Consequently, VFCLM achieves higher accuracy in generating realistic coronary
physical information distributions than CFD.

Table 1. Comparison of our method and four advanced methods for pressure predic-
tion on virtual and in-vivio dataset. LAD, left anterior descending artery; LCX, left
circumflex artery; RCA, right coronary artery.

our PINN GPGNN 1D-CFD 0D-CFD
MAE MAPE MAE MAPE MAE MAPE MAE MAPE MAE MAPE

Virtual LAD 0.79 0.87 1.79 2.03 1.07 1.21 - - - -
RCA 0.87 1.04 2.45 2.72 1.38 1.27 - - - -

dataset LCX 1.24 1.51 1.54 1.29 1.20 1.11 - - - -
In-vivo LAD 1.09 0.99 2.78 2.94 1.54 1.71 1.44 1.37 1.49 1.54

RCA 0.70 0.67 2.93 3.02 1.84 1.90 1.38 1.39 1.71 1.68
dataset LCX 1.18 1.27 2.69 2.90 1.87 1.98 1.81 1.96 2.70 2.47

Fig 4. The comparison of our method with 1D hemodynamics simulation in in-vivo
dataset. The FFR represents the clinical measurement which is used as ground truth
in in-vivo dataset. The 1D-FFR represents the results of 1D hemodynamic models.

4 Conclusion

In this research, we propose a variational field constraint learning method (VF-
CLM) to evaluate the FFR from digital subtraction angiography images. VF-
CLM overcomes the current limitations of machine learning in the gradient
descent and system consistencies. The rationale behind this lies in VFCLM’s
holistic constraint, which integrates governing equations and variational bound-
ary conditions as unified part. Whether compared with other machine learning
methods or computational fluid dynamics methods, this method shows advan-
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tages, which means that this method has the potential to be applied in clinical
practice.
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